Recently, low-rank matrix recovery theory has been emerging as a significant progress for various image processing problems. Meanwhile, the group sparse coding (GSC) theory has led to great successes in image restoration with group contains low-rank property. In this paper, we introduce a novel GSC framework using generalized rank minimization for image restoration tasks via an effective adaptive dictionary learning scheme. For a more accurate approximation of the rank of group matrix, we proposed a generalized rank minimization model with a generalized and flexible weighted scheme and the generalized nonconvex nonsmooth relaxation function. Then an efficient generalized iteratively reweighted singular-value function thresholding (GIR-SFT) algorithm is proposed to handle the resulting minimization problem of GSC. Our proposed model is connected to image restoration (IR) problems via an alternating direction method of multipliers (ADMM) strategy. Extensive experiments on typical IR problems of image compressive sensing (CS) reconstruction, inpainting, deblurring and impulsive noise removal demonstrate that our proposed GSC framework can enhance the image restoration quality compared with many state-of-the-art methods.
I. Introduction
Image restoration (IR) problem [1] [2] [3] is a classic yet active topic in low-level vision. The goal of IR is to restore a high-quality image or sequence from its various degraded observations . Typical low level IR research includes image compressive sensing (CS) reconstruction [4] [5], denoising [6] , inpainting [7] and deblurring [8] and impulsive noise removal [9] , etc. To tackle this typical ill-posed problem, the most popular method is the regularization technique min{ ( ) = ( , ) + ( )}
where ( , ) denotes the fidelity term which can penalize our desired restoration image sequence far from the original degraded , the second term ( ) is the regularization term which can provide the necessary prior knowledge of image, e.g., the sparsity, smoothness or continuity, and the regularization parameter can make the tradeoff between the first fidelity term and the second regularization term.
It is well documented that how to exploit more prior knowledge for the minimization of problem (1) is at the core, in the past several years, how to design the regularization term to exploit the prior of an image in a predefined domain has been widely studied, such as total-variation (TV) regularization [10] [11] , which employs the local structural patterns as the prior knowledge. The 1 -norm regularization, the nonconvex penalized regularization of -norm [12] , Smoothly Clipped
Absolute Deviation (SCAD) [13] , Logarithm [14] , and Minimax Concave Penalty (MCP) [15] , utilize the sparsity as prior for minimization. These regularization methods have shown their great success in various sparse signal recovery [16] [17] [18] and image processing applications. However, these traditional regularization term for IR approaches can only exploit a few structural features of image and some important artifacts will not be preserved. On the other hand, the promising performance of the nonlocal self-similarity of patches has been well documented, which can provide more prior knowledge to improve the restoration quality by exploiting the nonlocal self-similarity features of image [19] . Lately, the sparsity and the nonlocal self-similarity features are often exploit simultaneously to product better approximation [20] , one of the state-of-the-art model is the nonlocally centralized sparse representation (NCSR) model proposed in [21] , which can exploit the nonlocal self-similarity of image to achieve a more accurate sparse representation coefficient, and then centralize the sparse coefficients of the degraded image to the restored image, and has shown its promising performance. The last decades has seen the low-rank minimization-based methods for image and video restoration [22] with the development of the theory of compressive sensing and sparse representation. For any given image, the adjacent patches have similar structures, and similar patches are grouped into a matrix, such that the matrix shows the low-rank property, then matrix competition for each group can be conducted to recover the desired image. In [23] , a novel and efficient framework is proposed for image restoration using group sparse coding (GSC) model, where the image can be sparsely represented as a linear combination in the domain of group. Although the proposed GSC based IR model has shown the significant improvements for image restoration, the important low-rank property of each group is not being used, and minimizing the optimization problem from the perspective of sparse vector recovery, and hence, the gap between the sparsity-based approaches and the low-rank based approaches for image restoration is still exist.
Like the 0 -norm regularized minimization problem, it is not tractable to minimize the rank regularized problem because of the property of nonconvex and discontinuous of ( ), and is usually relaxed to the convex nuclear norm minimization (NNM) model. However, the most popular convex NNM often leads to a biased solution since NNM is usually over-shrink the singular values and treat each of them equally. It is well documented that the nuclear norm minimization is the most popular approach for rank minimization, such as the weighted nuclear norm (WNN), the truncated nuclear norm (TNN) [24] , the Schatten-nuclear norm (S -NN) [25] , and the generalized nonconvex nonsmooth functions on singular values (e.g., SCAD, MCP and Logarithm, e.t,.) [26] [27] . In practice, it is the fact that the larger singular values often quantify the main preserved information, to tackle this problem, various low-rank relaxations have been proposed, an alternative and popular relaxations is the nonconvex and nonsmooth relaxations. In this paper, motivated by the promising performance of nonconvex low-rank minimization approaches for matrix recovery, and to bridge the gap between GSC modal and existing rank minimization model, we develop a novel GSC framework for IR problem using a generalized rank minimization scheme. Our proposed framework will not only unify the local sparsity and nonlocal similarity of image simultaneously, but also can convert the traditional sparse coding problem into the generalized low-rank minimization model, and thus can restore image using various matrix competition approaches. Our contributions in this paper can be summarized as:
1) We develop a connection from GSC to low-rank matrix minimization via an effective dictionary learning approach, where the sparse representation coefficient vector is also the singular value vector of matrix in our proposed model, then we can convert the sparsityinducing optimization problem into the low-rank matrix minimization problem. 2) For a more accurate approximation of the rank of group matrix, we develop a generalized low-rank minimization model. Our proposed model employs a generalized and flexible weighted scheme and a generalized nonconvex nonsmooth surrogate function on singular values of the group matrix. 3) To solve the generalized rank minimization problem for GSC, we will first convert the optimization model into a derivative double nonconvex nonsmooth rank (DNNR) minimization problem, and then develop an iterative reweighted singular-value function thresholding (IRSFT) algorithm for GSC. 4) We develop an alternative direction method of multipliers (ADMM) framework to integrate the proposed GSC model into IR problem, where the sparse vector for GSC and the group matrix of desired image will be achieved simultaneously. We evaluate the proposed framework for four classic IR problems, including image CS reconstruction, inpainting, deblurring, and impulsive noise removal. The flowchart of our proposed methods for IR problem by rank minimization based GSC is presented in the Fig. 1 . The rest of our paper is as follows. In the section II, we will first review the group sparse coding theory, and then build a connection from GSC to low-rank matrix recovery via an effective selfadaptive dictionary learning scheme. In the section III, we propose a weighted nonconvex nonsmooth rank relaxation function for rank minimization, and then a reweighted singular-value thresholding (IDNN) algorithm is developed for GSC problem. In the section IV, we will evaluate the effectiveness of our proposed method for various IR tasks and compare the performance with current state-of-the-art IR algorithms. Finally, a brief summary will be made in section VI.
II. From Group Sparse Coding to Low-Rank Minimization
This section will introduce the basic theory of group sparse coding, and then a self-adaptive dictionary learning strategy is introduced for each group. It should be noted that the self-adaptive dictionary scheme is crucial, we can convert the GSC problem into the low-rank matrix recovery problem via our proposed adaptive dictionary learning scheme.
Group sparse coding
Concretely, we first divide the original image ∈ ℝ √ ×√ into overlapping patches , = 1, 2, ⋯ , , with the size is √ℬ × √ℬ , ℬ < . For each patch , there exist best matched patches, we denote the set of these patches as , then we search them in a given searching window with the size of × using the well-known Euclidean distance as the similarity criterion. Next, these similar patches will be stacked into a group matrix with the size of ℬ × , denoted by
where each patch will be vectorized as G , ∈ ℝ ℬ ×1 , = 1,2, ⋯ , as the columns. Then the constructed group matrix G consisting of patches containing similar structures, the construction process of group can be expressed as
where the operator ℂ (•) denotes the group construction from . Fig. 2 illustrates the construction process of group. Conversely, if we average all the group G , we can achieved the original image by
where ℛ (⋅) denotes the transpose grouping operator, ℬ ∈ ℝ × stands for a matrix with all the elements is 1, and .∕ denotes an element-wise division of two matrix. According to sparse coding theory, it is expected that the coefficient vector is as sparse as possible with the group G can be faithfully represented by the dictionary G . Assume a given dictionary G = [ G ,1 , G ,2 , ⋯ , G , ] ∈ ℝ ( × )× , the representation coefficient vector can be achieved by
in which G ∈ ℝ ×1 is the achieved sparse coefficient vector. It should be noted that every atom G , ∈ ℝ × , = 1,2, ⋯ , in the dictionary G is a matrix with the same size of group G .
Then the image group will be represented sparsely by
where
denotes the dictionary, and ̂G = [̂G ,1 ,̂G ,2 , ⋯ ,̂G , ] ∈ ℝ ×1 is the desired vector.
Self-adaptive dictionary learning strategy
To obtain an adaptive dictionary G for each group G , in this paper, we adopt a selfadaptive dictionary learning scheme [28] for each group, we can learn the adaptive dictionary G from G directly. We first conduct the singular value decomposition (SVD) of G by 
Finally, we can achieve the self-adaptive dictionary for each group by 
where G denotes the concatenation of all G . As a result, the learned self-adaptive dictionary will build the link between the GSC problem and rank minimization problem.
From GSC to low-rank minimization
For practical IR problems, the original image and the corresponding groups G are unknown, we usually need to estimate the latent image G over the adaptive dictionary G from its degraded observation G ∈ ℝ × by the following group sparse coding model
where G denotes the sparse coefficient vector over the dictionary G , and denotes the regularization parameter, then our desired matrix (group) can be reconstructed by ̂G = ĜG . Benefiting from the fact that the degraded group G and original group G share the same coding dictionary G , and due to G = G G , then we have the following equivalent relationship
where rank( G ) denotes the singular value number of matrix G . By substituting G = G G in (10), the problem (10) have the following equivalent low-rank minimization problem
where G denotes the constructed image group with low-rank property, and G denotes the corresponding observation group. It is worth noting that the sparse coefficient vector G is also the singular value vector of matrix G in our proposed model. Then we can convert the sparsityinducing optimization problem (10) into the low-rank minimization problem (12) .
III. Group Sparse Coding via Generalized Rank Minimization
To approximate the rank of group matrix more accurately, this section will propose a generalized rank minimization model using a generalized and flexible relaxation function with proper and lower semi-continuity in [0, +∞) . Then a derivative DNNR model is developed to minimize the resulting generalized rank minimization problem. At a result, a generalized iterative reweighted singular value function thresholding (GIR-SFT) algorithm is developed to solve the rank minimization problem for GSC.
Generalized rank relaxation function for GSC
The low-rank minimization problem (12) is a NP-hard problem, which is usually relaxed as a convex minimization problem, one popular convex relaxation model for GSC can be expressed as
where,
denotes the nuclear norm, and ( G ), = 1,2, ⋯, are the singular values of G , and ‖⋅‖ presents the Frobenius norm.
However, the NNM model of (13) usually cannot approximate the rank accurately. Recently, various rank relaxation functions have been proposed to deal with the limitation, such as the truncated nuclear norm (TNN) [24] , Schatten -norm (Sp) [25] , weighted nuclear norm (WNN) [29] , and so on. It is well documented that the WNN based method can often achieve the best performance [29] . What's more, some popular nonconvex counterparts of 0 -norm on singular value have shown great potentials to improve the rank minimization performance [26] [27], typical nonconvex surrogate functions including -norm [12] , SCAD [13] , Logarithm [14] , MCP [15] .
By combining the weighted strategy and the nonconvex counterparts of 0 -norm, this paper proposed a more generalized and flexible rank relaxation function for rank approximation of the group matrix denoted by
where the weighting vector = ( ,1 , ,2 , ⋯ , , ) is the weighting vector with with partial , = 0, (•) will become the truncated nuclear norm and the truncated Schatten p-nuclear norm with = 1 and 0 < < 1, respectively. A summarization for these special cases can be found in the Table 1 . After substituting the nuclear norm using the proposed rank relaxation function (14) , the GSC problem can be converted into the following generalized rank minimization problem
Our proposed model can estimate the rank of each group with a high accurate and nearly unbiased solution, one popular example is the weighting vector is inversely proportional to the corresponding singular values, e.g., , = (| ( G )| + ) ⁄ [29] . Then the problem (15) can be described as the following more generalized optimization problem,
where the fidelity function (•) is continuously differentiable for any 1 , 2 ∈ ℝ × with Actually, according to the reweighted strategy [26] and the super-gradient properties [26] , the problem (16) can be intrinsically derived from the following nonconvex nonsmooth rank minimization problem [30] [31], e.g.,
where ℎ( (•)) denotes the relaxation function, and in this paper, we choose ℎ(•) = (•) without loss of the generality, in which, (•) denotes a function with lower semi-continuous property in [0, +∞). As a result, the problem (18) can be substituted by
in which, there exist two relaxation function (•), thus (19) can be known as double nonconvex nonsmooth rank (DNNR) minimization problem.
Iterative reweighted strategy for DNNR minimization based GSC
The DNNR minimization problem (19) is more difficult to resolve than traditional convex NNM problem. To solve this problem, we need to convert the DNNR minimization problem into the iteratively reweighted minimization problem benefit from the antimonotone property of relaxation function (•) and the supergradient function ∂ (•). We first give the following theorem. Since the monotonical nondecreasing property of (•) and the monotonical nonincreasing property
, that is to say, the function of ∂ ( (•)) is monotonical nonincreasing on [0, +∞). Then according to the Theorem 3.1, if we substrate the value 1 and 2 by ( 1 ) and ( 2 ) , and substrate the weighting ( 2 )). Then we have the following theorem. ( ( 1 )) − ( ( 2 )) ≤ ( 2 ) ( ( 1 ) − ( 2 )) (21) where ( 2 ) ∈ ∂ ( ( 2 )), 1 and 2 denote two any given values.
Then according to the Theorem 3.2, in this paper, since the relaxation function of (•) is concave on [0, +∞), then according to the monotonical nondecreasing property of double supergradient ∂ ( (•)). As a result, the problem (19) can be optimized by the following updating scheme, e.g.,
with , ∈ ( ( ( G ))) and ,1 ≤ ,2 ≤ ⋯ ≤ , , in which, the iteratively weighting vector can be updating by , +1 ∈ ( ( ( G +1 ))) , and G denotes the -th iteration of variable G . Secondly, we need to linearize the fidelity function ( G ) at the -th iteration point G by adding the proximal term by
where is a constant with > . It should be noted that a proper choice of will guarantee the algorithmic convergence. Similar to IRNN [26] and GPG [27] , we can update the G +1 by
(25) As a result, the problem (19) can be expressed as the following iterative reweighted formulation, e.g.,
, and , ∈ ( ( ( G ))).
GIR-SFT algorithm
We next give GIR-SFT algorithm to optimize the problem (26) . Essentially, to solve (26) is equivalent to solving a proximal operator. Some previous works have been studied to solve the (26) for some special cases of the relaxation functions, such as the iteratively reweighted nuclear norm (IRNN) algorithm (Lu et, al. [26] ). Here, we will develop our algorithm for GSC proposed in Zhang et, al [31] , which can be a extend version of Lu's IRNN method (Lu et, al. [26] ). We will present that, if the singular-value function thresholding operator is monotone, the problem (26) can be resolved by the weighted operator. 
It follows from the Theorem 3.3., considering the problem (26), since ,1 ≤ ,2 ≤ ⋯ ≤ , , and (•): ℝ → ℝ and the proximal operator Prox , (•) is monotone. Then the optimal solution of our optimization problem (26) can be eventually achieved by
where Prox , ( ( G )) denotes the element-wise operator, e.g.,
We next give the closed-form solution of (31) . It should be noted that the problem (31) is a weighted version with a nonconvex relaxation function (•). In this paper, we employ the popular -function with = 1/2 and = 2/3 as the relaxation surrogates. The reason is due that the -function is more flexible, moreover, two special cases of = 1/2 and = 2/3 have be demonstrated their high efficiency and can earn their closed-form solutions [32] .
(1) -norm with = 1/2, then the problem (31) is reduced to * ( G ) = arg min
then the closed-form of (31) can be defined by [33] 
where φ ( ( G )) = −1 ( (2) -norm with = 2/3, then the problem (31) is reduced to * ( G ) = arg min
then the closed-form of (31) can be defined by [32] 
and = It should be noted that the sparse coefficient vector G in problem (10) is the singular value vector of matrix G in our proposed model (see subsection 2.3), hence we can achieved the 
IV. Integrating Group Sparse Coding to Image Restoration via ADMM
In this section, we will integrate the GSC framework to the image restoration problem. Considering the following image degraded model = +
where ∈ ℝ √ ×√ denotes the degraded observation, ∈ ℝ √ ×√ denotes the degradation matrix, ∈ ℝ √ ×√ and are the desired image and the additive noise. Different will cause different IR task, when is a compressed sampling operator, the IR problem becomes compressive sensing [34] , and an identity matrix of with entries are either 1 or 0 will often cause image inpainting problem [35] . Suppose the original image ∈ ℝ (also ∈ ℝ √ ×√ ) can be represented by the sparse coefficient vector in the domain , denotes as = , that is = , where denotes the corresponding dictionary, which can be known or learned from the images, and the IR problem can be described as the following generalized optimization model
where ( ) denotes regularization term, which measures the sparsity degree of the image and can provide prior knowledge for minimization, such as ‖ ‖ , the parameter denotes the regularization parameter. Then our desired image can be reconstructed by ̂=̂.
ADMM framework for Image restoration via nonconvex weighted group sparse coding
According to the alternative direction method of multipliers (ADMM) framework, we introduce an auxiliary variable to the problem (37),
Without confusion, we have the following iterative steps:
Then our optimization problem can be split into two subproblems of and .
-subproblem
The -subproblem is a quadratic problem, which has a closed-form solution expressed as
where denotes the identity matrix. It is efficient to achieve the solution by (40) for image inpainting problem without computing the matrix inverse because of the specific structure in observation matrix . However, it will be too time-consuming for CS reconstruction problem. To avoid the computing of matrix inverse, here, a gradient descent method is adopted to solve thesubproblem for CS reconstruction by ̃= − (41) where the parameter denotes the optimal step size, and denotes the gradient direction of 
After achieving the , the subproblem can be expressed as
where ( +1) = ( +1) − ( ) can be regarded as the degraded observation of ( +1) . According to the theory described in the section 2.3, and by substituting = , the optimization (43) 
To improve the performance for IR problem, we can generate the corresponding group matrix by grouping the similar patches, e.g., , and . As a result, we have the following equivalent equation with the probability (near to 1) according to Theorem 4.1, e.g.,
Then the problem (44) can be transformed into the following optimization problem,
where = with = × × and G ∈ ℝ × denotes the group matrix with low-rank property. Accordingly, after combining our proposed generalized rank minimization based GSC model, the optimization (47) can be converted into the low-rank matrix recovery problem, that is
denotes the proposed relaxation function. As a result, the optimization problem (48) can be split into subproblems, and the , ( = 1,2, ⋯ , )-th subproblem can be shown as
With this, the optimization problem (48) can be solved by the our proposed GIR-SFT algorithm in Algorithm 1. It should be noted that problem (49) and (19) are two same minimization problems exactly with ( ) = 1 2 ‖ − ‖ 2 , therefore, the -subproblem in IR can be resolved via our proposed nonconvex weighted GSC model. Then the solution for problem (49) can be updated by
and , ∈ ( ( ( G ))).
Then we can achieve the closed-form solution of (49) by Algorithm 1, i.e.,
where = denotes its singular value decomposition (SVD), =
) and the operator ( ) + = ( , 0) . As mentioned before, the sparse coefficient vector G is the singular value vector of matrix G in our proposed model, hence we can achieved the +1 simultaneously from (51).
Summary of the proposed algorithm
When all the groups { G }, = 1,2, ⋯ , are known, then the latent image can be
where the ℛ (⋅) denotes the transpose grouping operator, ℬ denotes a column matrix with the size of ℬ × and all elements being 1, the operator ./ denotes an element-wise division of two matrix. The proposed whole algorithm of nonconvex weighted GSC for IR via ADMM can be summarized as the Algorithm 2.
Algorithm 2: Proposed ADMM-GIR-SFT for IR problem
Input: The Observation , the degradation matrix ; for each group Construct adaptive dictionary G using Eq. (6), (7) and (8) 
V. Experimental Results
In this section, we will employ the typical , = 1 2 ⁄ , 2 3 ⁄ as relaxation of nuclear norm to evaluate the effectiveness of our proposed method for typical IR tasks compared with several stateof-the-art competing IR algorithms. We also analyze the convergence of our proposed algorithm on various IR problems. To measure the reconstruction performance quantitatively, two popular metrics of PSNR and feature similarity (FSIM) [37] will be calculated. The widely used test images are employed to evaluate our proposed method presented in Fig. 3 . All the best results will be highlighted in bold in the table, and all the simulation experiments are conducted in a personal computer with Intel (R) Core (TM) i7-6770HQ @ 2.6GHz CPU with 16 GB memory and a Windows 10 operating system. 
Compressive Sensing
CS based image reconstruction technology aims to capture high-quality images from a small number of under-sampling random measurements, in which, one of the main technical challenges is how to obtain high-quality images while reducing the number of measurements. To evaluated the validation of our proposed method, four representative competing CS reconstruction algorithms is employed for comparisons, include the algorithms of BCS [38] , SGSR [39] , ALSB [36] and JASR [40] . We empirically set the similar patch parameter = 60 , the patch size of √ℬ × √ℬ is selected as 6 × 6 , the block size is 32 × 32 , and the searching window of × is set to be 20 × 20, and = 0.1 for all of our CS experiments. The other parameter selection of ( , ) or ( , ) is list in the Table 2 for different sub-sampling rate and surrogate functions. Table 3 and 4 list all achieved PSNR and FSIM results of four competing algorithms and our proposed method under different sampling rates of 0.1, 0.2, 0.3 and 0.4. We can observe that our proposed rank minimization based GSC method can obtain higher PSNR values and FSIM values than all competing methods. To make a visual comparison, we present the reconstructed results of boats and monarch from 0.1 measurements using our proposed method and other approaches, shown in the Fig. 4 and 5 . These visual results demonstrate that our proposed method can reconstruct image with higher quality. 
Image Inpainting
For the second applications, we employ our proposed nonconvex framework for image inpainting problem. Image inpainting aims at recovering the missing or damaged pixels in images in a plausible way. In this paper, we focus on two interesting cases of restoration from text removal and partial random samples. Here, the size of each patch is √ℬ × √ℬ = 10 × 10 and 8 × 8 for text removal and partial random sample, respectively. The similar patches number is set to be 60, and the searching window of × is set to be 20 × 20, and = 0.1 for all image inpainting experiments, and other parameters selection are listed in the Table 5 . 
Image restoration from partial random samples
We first handle the IR problem from partial random samples, where the degraded matrix is generated by a random matrix. We performed experiments by randomly removing 50% or 80% of pixels in original images. We employ four state-of-the-art image inpainting algorithms for comparisons, include the algorithms of BPFA [41] (an effective sparse image representations method via Bayesian dictionary learning), IPPO [42] (an IR method based on smooth ordering of patches), Aloha [43] (an recent image inpainting approach based on a low-rank Hankel matrix Approach) and JSM [44] (an IR method using joint statistical modeling scheme). Here, we employ eight color images for experiments. The results achieved by proposed algorithm and other competing state-of-the art algorithms are listed in the Table 6 and Table 7 , our proposed approach can outperform other competitive methods significantly. To further demonstrate the visual effect of our proposed nonconvex framework, Fig. 8 (c) to (k) present nine recovered images from 20% random samples of 'zebra' by our proposed method and other state-of-the-art competing methods, and (a) (b) is the original image and the damaged image for comparisons. It can be observed obviously that our proposed method can recover the corrupted image with higher quality and can recover more image details effectively. 
Image inpainting for Text Removal
In this subsection, we will deal with another typical image inpainting problem for text removal, where the degraded matrix is generated by a text mask. The goal of text removal is to reconstruct the original image from the degraded observations by removing the text. Table 8 and Table 9 displays our results achieved by our proposed algorithm and other four state-of-the-art algorithms, our proposed approach can outperform other competitive methods significantly. To make a visual comparison, Fig.  7 (c) to (h) present the case of text removal from a corrupted 'Mickey' image, (a) and (b) denote the original image and the corrupted image for comparison. From the results we can find obviously that our proposed method can reconstruct image with more details and can remove more artifacts effectively. 
Image deblurring
In this application, we focus on the case of image deblurring, where the blurred image is generated by the blur kernel and Gaussian noise with the standard deviation is σ. In this paper, three typical blur kernels are adopted in our experiments, the 9 × 9 Uniform blur kernel, the Gaussian blur kernel, and the Motion blur kernel. We compare our proposed nonconvex method to four recently approaches, i.e., MSEPLL [45] , GSR-TNNM [28] and JSM [44] . It should be noted that the method of GSR-TNNM is a recently proposed IR method, and the MSEPLL and JSM are two state-of-the art methods that can often achieve good results for image deblurring problem. The parameter selection for different typical blur kernels and functions are list in the 
Salt and Pepper Noise Removal
As a typical impulsive noise, the salt and pepper noise (SPN) usually occurs in the procedure of the image acquisition and transmission. In this application, we will adopt our proposed algorithm to recover the corrupted image by SPN with different strength, here, three state-of-the art algorithms is compared with our method are WESNR [46] , JSM [44] and WCSR [47] . To handle this problem, an adaptive median filter [48] is first applied to the corrupted images, hence we can identify the maks matrix , and we can transform the noise removal problem into the IR problem. Table 13 details the parameter selection for different penalties and the noise density. Table 14 presents all the PSNR/FSIM results on six test images, we can find that our proposed method can outperform other three methods significantly. Moreover, some visual results of 'Cameraman' for five algorithms are presented in the figure 9, by comparing with the competing results in (c), (d) and (e), we can obviously find that our method can achieved the most visually results, e.g., (f) and (g). 
Convergence analysis
Although our proposed regularization model can obtain better performance, it is tractable to give a theoretical proof of the convergence for our proposed algorithm since the relaxation function of nuclear norm is nonconvex. It is well documented that the behavior of PSNR curves versus the iteration number can reflect the convergence property visually. Fig. 10 (a) (b) and (c) present the PSNRs curves for different IR problems, including the image compressive sensing problem under different sub-sampling rates, image inpainting problem from partial random samples, image inpainting for text removal, and SPN removal. It is obviously that our proposed algorithm contains good convergence property and robustness. 
VI. Conclusion
This paper proposed a novel group sparse coding framework via rank minimization. We first convert the group sparse coding problem into the low-rank minimization problem via an effective adaptive dictionary learning strategy. To better approximate the rank of the group matrix, we developed a novel double nonconvex and nonsmooth rank minimization framework for GSC. To solve this nonconvex optimization problem, an iteratively reweighted singular value function thresholding (GIR-SFT) based GSC algorithm is proposed. Finally, some typical IR applications have been considered to evaluate the effectiveness and priority of our proposed method via the ADMM.
